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Boundary valuеs of holomorphiс funсtions and Spесtra of somе
unitary rеpеSеntations

Yuгii A. Nетеtin*
Nlosсow Statе Institutе of Еleсtroniсs and mathеmatiсs

Ьaksan@dionis.iasnеt. гu

Thrse notеs aге basеd on my lесtuгеs on disсгеtе speсtra givеn in Tambov in August 1996 (sсhool
' 'Analysis on homogеneous spaсеs,' )

Now speсtra in various proЬlеms of nonсommutativе haгmoniс analysis aге сomplеtly oг paгtialr.
evaluated. It is wеll-known that someiimеs suсIl spесtга сontain disсrеtе inсгеments. Quite oftеn suсlr
disсгеte inсrеments arе singular (' 'ехotiс,') unitaгy геpгеsеntations and it is vегy diffiсuit to сonstгuсt
these unitaгy гepгesentations Ьy othег way, sеe [Puk], [Nai], [Boy], [Ism], [NIol1-3]' [Stг], [F'ad, [Е.J]
[Sсh],  [КoЬ1],  [КoЬ2],  [RSW]'  [Tsu],  [How],  [Ada],  [L i ] '  [Pat] '  [Bo]

It was oЬseгvеd in [Nег1], [ols2] ' [ols3] , [No], [Nег2] that very oftеn disсгеtе inсrеmеnts to spесtгa in
vaгious proЬlеms of nonсommutativе harmoniс analysis (dесomposition of.tеnsoг produсts. dесomposi-
tion oГ гestгiсtions, deсomposition oГ induсеd rеpresentation ) aге геlatеd to somе funсtional_thеorеtiсal
phenomеna, namely to so-сallеd ',tгaсе thеorеms ' ' (i.е thеoгеms aЬout еxistеnсе of геstгiсtions of dis-
сontinuous funсtions to suЬmanifolds, foг this typе thеoгеms sее [RS] ,IХ.3,Iх.9 and rеfеrеnсеs to this
sесt ions,  [Baг] ,сhapteг 5,  [NR] ,  [Rud],  11.2).

The simplеst сasе oГ this phеnomеnon is thе tensoг pгoduсt оf tlvo rеpгеsеntations of сomplеmеtttaг1'
sегiеs of .9,2(R. ).R,есall thе dеfinition of rеpгеsеntation 7, of thе сomplеmentaгy sегiеs. Thе spaсе }l'.
of tlrе геpеsеntation ,I, (whегe 0 < s < 1) is thе spaсe of funсtions on the сiгсle z1 _ 6'Ф pгovided with
thе sсa lar  oтoduсt

n 2 т

J"
rnula

f'Фifdф)dфiфz
I  s i n (ф1  -  Фz )  l 2 | { l+ ' l t z

The гepгеsentation 7,' ф 4, aсts in thе spaсe 11ь ф,}71.- of funсtions on two.dimеnsional toгus
z1 _ giФl , 22 = eiф" equippеd with thе sсalaг pгoduсt

< ft, fz
f ,(ф', ф,) f i l ,ф,lDdфfiф2dфdфz

I s in(91 _ ф') l2( '+ '  ' ) /z  I  s in(Ф: _ Фz) lz10+'stz

Thе gгoup ̂ 9.2(]R ) aсts in t}ris spaсе Ьy thе formula

< f t , f z ,=  [
J a

.I.irе rеprеsеntation Т, is dсfinеd Ьу thе for

' ( ;

r 2n  f 2o  Г2n  r2o,=l I I I
J o  J a  J o  J o

' "  
) 'rо = f (##)|Бz + a|,-1

l  )  rr . ,  ,  22) = f  еa+,Y{lF, ,+ ol , , -1 |Бz2 * o], , -L
u  /  0 Z t t A  0 a 2 + O

(T,' ф ',, l (t
I Г . s1  f  s2  )  1 thеn  thе re  ех i s t s  wе l i . dе f i ned  opе ra to г .Ro f  r е s t r i с t i on  o f  a funс t i on  f  с11  t -  Ф} l7u  to th t :
d iagonal  A .  ф'  * dz.  \Vt 'е l - r lр l ras is  thаt  f i rnсt ions /  €  ]1 t -  ФН1. aтe d isсont, in l rorts  аnd ht:nсe /  l rа l . .
no valuсs in a irrdividual poirrt of tlrе torus. Nеvеrlеss thе opеrator lt of tlrс геstriсtiolr of a furrсtioп / tсl
t l rе с1 iagonal  is  rvе l l  dеf i r r t :d .  oЬsсгr 'с  that  Л is  intегrv inning opегator fгоrrr  7},  QiТ",  to T, ,+, ,- t .  I Ict lс .
Т"11,2-1 is  a suЬгсpгesеntat ion in 7, '  ф 7 ' , .

Ех istеnsе of  thе еmЬеdding 7" '1, ,_1 to 7 l ,  ф7},  was oЬta inеd in [Puk] (sеe a lso [Nai]) .  Thе сo l r
stгuсt ion with rеstг iс t ion to the d iagonal  was oЬsеrved in [Nег1] (sее a lso [No] )

Vaг ious сonsruсt ions of  thе same typе arе сonta inеd in [No],[Nег1]-[Nеr2],[o ls3].  In [No] we usеd
th is  appгoaсh for  сonstгuсt ions of  s ingulaг uni tary геprеsentat ions of  thе groups U(p,q),О(p,q),Sp(p,q)
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T h e s е n o t е s i s s o m е k i n d o f a d d e n d u m t o t h е p a p e г s [ N o ] , [ N е г 2 ] . T h с a i m o f t h е s e n o t е s l s t o
formulate sеvеral opеn pгoЬlеms on disстеtе inсгеments to speсtгa and traсe thеoгems and to disсuss a

геiationship Ьеtwееn somе spесtгal proЬlе.ms.

I am gratefur t" с.i.or.ьanskii ior сollaЬoгation and I also thanks V.F.Molсhanov, H.Sсhliсhtkгuil,

G.Zuсkегman, B.Orstеd' 1\,I.Еlеnstеа..l.n,.n, c.oluf,,on, A.Dvoгskу, A.G.Sегgeеv' R.S.Ismagilov,

R.Howе, V.M.Giсhеv, v.v.t,.ь.аеv for disсussioos, сomtnеnts and rеfегenсеs.

1. Boundary valuеs of hоlomorphiс funсtiоns.

1.1.  Lеt  Q С C, .  be a open domain,  lеt  0Q bе i ts  Ьoundary,  lеt  Q be the с losurе of  Г l .  Wе say that Q is

a regular cirсlе domain |f

a )  f o г  a l l z  с  ( )  and  }с  C  suсh  tha t  t ) |  (  1  wеhavе  ) z  e  Q

Ь) foг a l l  z  С0Q unа i .  C suсh that t) t  (  l  wе hu":-}: .S.a

Let I{(z,u) bе a *o..а'-.i.g kетnеl (seе lor instanсe [No]) in Q satisfying thе сondition

Ii(eiф z , "iф 
u) = Ii (z , u)

Lе t l 1Ьe thеh i i bе r t spaсeo fho lomoгph i с funс t i onsassoс i a tеd to th i s keтnе l
Theorem L.L ' (seе [NО]) Let  М с0ai , .o,o^poа subsеl-  Let  р bе а Ine ' ,sure-suppоr|ed on jv[ .  Lеt

a ) I i * ( z , , ) . = l i - " * Т - o , i i 1 , , , c u . ) e t i s t а I m o s t , u , , o , , М х М  
u i t h r е s p e с t t o t h е m e a s u T е р х | 1 .

b ) I i -  с  L | (М  x  Щ; ;  р ) ' anLd , l i * "* r -o1{ ( c z , cu )  
l s  i l om inа tеd ' ,  l , . e .  \he rе  ex i s l s  а  fшnс l i on  S ( z ,u )  с

L\(мl  х  М'рх р l  , " , [  inГt , i<?,u)|-< S(z,  u)  a lmos l  Sure on M х М

Tllеn thе operаtor of rеstriсtzon o1 o 1unа;on f с H on lhе sеt М ts шell-d,еfined opеrаlor

H  -  L \ (М , p )

Ъlъ::ж:]"il"l;?'ё.:T:iТ'l.o."" o".u,n' Let /i(:,,u) Ье a геproduсing kеrnе' anc iеt .Ц Ье

thе assoсiatеd hilbегt spaсе. Lеt М Ьe a,uь*un,rotа in thе Shi,ov bou.'du,y of 0. Еind сonditions foг

ех i s t enсеo f rеs t r i с t i onopегa to г f гomf f to somefunс t i ona lh i l bе г t spaсeonNI .
Remark. A сasе lvhiсh is intеrеsting f- ho..' 'oniс analysis i, ih. fn}lo*ing сasе Lеt Q - G l Ii

Ье a homogеnеous сu,io,' domairr- I,.t 0 l; u ,uЬg,oup in i] and lеt ,[.1 be a oтbit of Q in thе Shi'or.

Ьоunсlary of Q. Thеn opeгator .R oГ г.:striсtio,' to a" is a i,,tеr,"inning opсгator fгom -F' to soпlе }ri lt lеrt

spaсе of funttons on,^п,i.Ъ." disсussion oг ,u.ь ,".,. iсtions in [No] , [Nеl2] and Ьelow.sесtions 2 and 3

Follolving subsесtion slrolv that ть.o."i. i .t Joеsn,t .ou", ull .uЪеs thеn a теstгiсtion opеratoг exists.

1.2.  DеnЪtе by Bo the uni t  Ьa l l  
l
P l2  *  "+ l zo l 2  < t

i n  C  q .  Lе t  7 ( t )  bе  a  C1 . сu rvе  i n  thе  ТBs  =  S2c_ t .

Theorеm |.2(seе p,IR],[Rud/) Lel{t) sаlisfiеs lhе condition

Yt :  Im'  < 7(t) ,  ̂t ' ( t )  >+ g ( t)

Tltеn f r , ,т  еаch f  с  H-(Bs) the nonlаngеnl  l imi l  f  ( , )  
: '  

z ,* 1(t)  er is ls  a lmos| suтe on 1\t) .

Dеnotе Ьy D, thе spaсe oГ all holomorpЪiс funсtionЪ Ъf polynomial grouth in Bq

f  с  D,<+ ] ,V :  sup | f(z)|( l  -  l , l , ) "  < -

I t  is  wе}l  knorvn that ,  еaсh funсt ion f  с  D,has l imit  on thе Ьount lary in thе sеnсе of  d istr iЬut ions (sе. .

[Rs] ' lх.3 fo. di,.u'*inn oi ,. '.ь t1'pе thсorеms^and rеfетer'."]) 
,

T h е o г е m 1 3 . ( s е е [ l х , е r 2 ] ) L е t 1 ( t ) i s C - - s п . l о o l l t с u т ' a e i п 0 f З q s a t i s f у i п g l h е с o n d i l i o п ( 1 ) . , 1 , | L с п
7hе opеrа1oт R o| теstr iсI io l t  of  'ho lon, , i i , , i  fu7,c l ion to  ̂ 1p) er lends Io i  bounded opеra|o l ,  fтoпl  D,  to

l hе  spасe  o f  d i s l r i Ьu t i oпs  on  1 \ t ) ,  
Ье  the  to rus  z  =  е iф , , '  . , Z  =  е iф"  .  Lе t

D e n o t е  Ь y  Р , , t h е  p o l y d i s k  i , , l  .  t , ' . . , | ' n \ 1 | , . L е t T "

т ( т j  =  (Ф ' ( i ) , . . . ,  Ф , . ( ; ) )  Ьс  a  С - - сuгvе  i n  T '  suсh  tha t

V '  :  d ! ( t )  )  0 , . . ,Ф ; ( , )  >  0

- D е n o t е Ь y D , t h е s p a с e o f l r o l o m o г h i с f u n с t i o n s o f p o l у n o m i a l g r o u t h i n P ' .
з87
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Theсlrern L.4.(sее [|iет2]) Оpстаtor R of rсslтiсtiоn of holoтпorphiс funclion f on P,, to lhе' сurl;с:

1(t)  edсnds to lhе bouпded opеrа|or fтom thе space D, Io |hе spaсе of  d istr ibut ions on thе сuraе 1{t)
I,еt o С C N Ь" a opеn doInаin. Lеt tr,I Ье a srrЬmanifold in t}iе Shilov Ьoundaгу of ГJ. Denote Ьy 7l.,.

the tangеnt spaсе to М in thс point 1y' e ,L/. Wе idеntify |" with a l inеaг suЬmanifo]d in C ". Dеnotе

Ьy S- the linear suЬmanifоld whiсh сonsists of vесtoгs

i . ( u - m \ + m

whегe u €  ?Ь. Assumе that foт еасh point m €  M thеге еxists a opеn cone C^ q Ъ with thе vеrtех rn

arrd с_nеighЬouгhood О,(^) of m suсh t}rat

C * n Q  )  О , ( m )  О C ^

Conjесture.Еaсh holoпroгphiс funсtion of polynimial grouth in Г2 has rеstriсtion to M in the sеnsе

of d istг iЬut ions.
Theoгеms 1.3_1.4 arе partial сases of this сonjесtuгe. It is also similiaг to thе standard faсts on

limits of Гunсtions of polynоmial gгouth on the ш.tole Shilov boundaгy mеntionеd aЬovе (sеe [Rs] 'Iх.3 ).
Nevегlеss I сou]dn't find this faсt in the ]itеraturе.

2 Positivе dеfinеd kernels on riemann nonсornpaсt symmеtriс

spaсеs
x q-matг iсеs z suсh that

satisfying thе сondition

2.1.  }иIatr iх  Ьаl ls  B, 'n.  Let  p (  q.  Dеnotе by B, , ,  thе spaсе of  a l l

| | . l |  <  t .  The  g roup  L r (p ' q )  сons i s t s  o f  (p+q)  x  (p*q) .ma t r i сe s  9  =

сomplех p

(: I)
^ ( t ,  o  \  ( t  o  ), \o  - | ) ,=\О- l /

Тtrе group U(p,s)  aсts on B, ,o Ьу thе tгansfoгmat ions

2 ,- ,ts1 :- (с * zс1-|(b + zd) \ '2  )

. I h е s t a Ь i l i z е г o f  t h е р o i n t z = 0 с o n s i s t s o Г n r a t г i с е s h a v i n g t h " f . . -  ( Б  3 ) * ' ' " , "  
a с U ( p ) , d с t . ( q )

.Hепсе Bo,o is  the symmеt l lс  spaсе

Bp , ,1=  U(p 'ф l (U(p )  
"  

и (q ) )

Сonsideг thе funсtion
L , ( z , u )  =  |  d e t ( 1  -  r u * ) l - t '

l v h е г е z ' u С B o , o .
T } r е o г " п r i . 1 .  L е t s = 0 ,  1 , 2 , . , , , P - 1  o r s }  p _ 1 .  T h е n t h е f u n с t i o n L , ( z , u ) i s а p o s i t i u e d e f i n e d

ke rnе l  on  B , ,n .
(t}ris thеorem is a сorrsеquеnсе of thе thеorеm 2.2 below)

Сonsidеr the h i iЬert  spaсе def inеd Ьy thе рos i t ivе def inеd kеrnеl  l , (z ,u) ' .  This  spaсe сonta ins thс

total systеm of veсtoгs Ф,, z С Bo,n sl. lсh that

(  Ф , , V ,  > =  L , ( , , u )

\\rс assoсiate to еaсh vесtoт lr с f1, t}rе frrrrсtion f1 oл Bo,q Ьy tl iс rult:

f  ь ( z )  =a  l ' ,ф"  >

lt is еasy tс,l pгovе that /Ъ is a геal analytiс funсtion oтt Ro,o. We lvil l idеntify thе spaсе ff. with its in.ragе

in thе sрaсе of  rеa l  analyt iс  funсt iorrs on Bo,o '
Thе group U(p,q) aсts in .Ё1,  Ьy the uni taгy opегatoгs

з88
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PгoЬlеrn Dеcomposе thе rеpersеnlаlion А"
\!Ъ wi]l name гергеsеntations T, Ьу sphеrical kern-rеpresentаtions of the gгoup U(p,q).
Somе paгtiai сasеs oГ this question were disсussed in the еnd of 70-iеs lSee 1в".z;,[в"p1 ,[Gut], in

faсt thегe was disсtlssеd only thе сasе whеn s is laгge. In this сase thе most iniегеsiing pЬ"no*"nu
don't appеaг), Thеn suсh pгoЬlеms wеIe morе oг less foгgottеn. In last sevеral yeaгs somе this pгoЬlеm
attraсted intегest  again(seе [No],  [oo],  [oZ] ' [Di j ]) .

I would l ikе to tгy to ехplain why this problem is intегеsting and aiso to disсuss somе appгoaсhеs to
th is  pгoЬlem.

2.2. Anottrer formulation of the ргoЬlem.
Theo rem 2 .2  ( see  [Be r l ] )  Le t  Lе t s  =  0 ,  1 ,  2 , ' , . , P  _  I  o r  s  >  p  -  I .  Then  the  ke rne l

B.",n"i TГУ, т.2, вьtп.4' |997

d e t - ' ( 1  -  z u * )

funсtions on Bo,o definеd Ьy the keгnеl 1{"(z,u) (seе
in И, Ьy thе unitary operatoгs

t ( o  6 \, "  
l  "  

d '  )  
= . f 1 z t я J ) de t - , ( а |  z c )

ц.hр1g , [я}  i s  g iven Ьy  thе  foгmula  (2) .
Rernаrk. If s is intеger then 7, is a геpгеsеntation of thе gгoup U(p,q) itself. If s is not intеgег then

Т, is a геprеsеntation of thе univетsal сovеring gгoup of U(p'q).

I i , ( z , u )  -

zs positiue definеd on Bo,o.
Dеnotе by И, the hilЬеrt spaсe of holomoгphiс

Гoг instanсе [Beг1], tNo]) The gгoup tJ(p,q) acts

Dеnotе Ьy ( thе геpгеsеntation сontragгadiеnt to ?l. Consideг thе tensoг pгoduсt Т, ф Ц
rеpгеsеntation aсts in thе spaсе of holomorphiс funсtions on B,,o x B,'o Ьу thе operators

t L ,  в  т ; l  ( i  l  )  
=  f ( z l '  . э )  =  f ( , \ n l '  . У1 )k*  z l с ) - , ( о  +  12т ) - ,

ТЬe U(p,q)_invaгiant sсalaг рroduсt in tlrе spaсе of holomoгphiс funсtions on B,'n х Bp,q is dеfinеd Ьr'
thе reproduсing kегnеi

f u [  ( z1 ,  z2 ;u t ,u z )  -  de t - , (1  *  цu | )de t_ '  ( I  -  z2u i )

Сons idег t l rе opеrator

dеfinеd Ьy the Гoгmula

obvious ly 1 is  a uni tarу opeгatoг

This

I : V , ф V , _ I ! "

I f (z)  = f( ' ' т)
intеrlvining

7, g {- *,4,

[{еnсе wе сan forпrulatе ouг pгoblem in thе form:
ProЬlern.Лeсomposе thе tеnsor producl ?l ф 7"
2.3.oгЬi ts  of  t l rе group U(p,q) on thе Shi lov boundaгy.
Dеnotе Ьу fuI,,o the Shilov Ьoundary of B,,n. Еlеmеnts of M,,o arе matтiсеs z satisfying the сondition

z . z ' = I

In the othеr rvorris z is a matгiх o[ a isortlеtгiс епrЬеddirrg C 2 - Cq. [Iеnсе Л,1,,o is сomplet Stiefс.l
пtапifold,

.Гhе Shilor' Ьoundаrу of Bo,o x Bo'o is II,,oх ||,I,,o . TЬe gгoup [/(p, q) has (p{1) orЬits on fuI,,oх x1,,o.I .hе rrn ique invaг i : rnt  of  a orЬi t  is  thе numЬеr

Wе dеnote Ьy Еo thе orЬit сoггesponding
IvIo,o x Mr,o such. that (3) is satisfied)

oгЬi t  Eo is  сompaсt,  oгb i t  Зo is  open.

0 = r l ( z - r . )  ( 3 )

to  a  g ivеn invaг iant  a  ( i .e .  З '  i s  thе  sе t  o f  a l i  pa i гs  z ,  u  €

Foг  a l l  o  the  с losuге  o f  Еo  i s  U ,1oЕ,

389
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2 . 4 .  R e s t г i с t i o n t o U ( p , q ) - o r Ь i t s .  Г i х a o г Ь i t Е . o f  ( - i ( p , q )  i n t h е S h i l o v Ь o r r n d a г у o f  B , , o , B , , o :

It сan hаppens (and it ..jy,l,upp.ns) that foг small s funсtion f с H, = y, ф % has wеll dеfinеd

rеstгiсtion to thе oгЬit Зo. In this сasе t}rе тestгiсtion opегatoг is a intегlvinning opегatoг fтom V, х V,

to somе hilbеrt spaсе of funсtions on Еo.

It сan also happеnеd (and it геaly happеns) that foг saall s all f iгst paгtial dеrivatives of funсtion

f с I1 ,= % ф % havе *"ll d"fi. '"d гestгiсtion io thе orЬit Eo еtс.(sее disсussion of this phеnirnеnon in

[No] , sес t i on  7 ) .
Е i x s .  Е o r e a с h с = 0 ,  1 ,  , . . ' p _ 1  с o n s d e r t h e m a х i m a l n u m Ь е г т o s u с h t h a t a l l p a г t i a l d e г i v a t i v е s o f

funсtions f сV,фИ, have weil-i]еfinеd геstгiсtions to Еo. (this numЬеrs arеn't known, Ьut Thеoгem 1.1

give possibil ity to estimatе thеm. I don,t know are suсh estimates stгiсt oг not) .If геstгiсtions of funсtions
"f 

, н, = И, ф V, toЭo don,t ехist we supposе Tа = -|.

Remark. For laгgе s геstгiсtion opeгatoгs don't ехist, i.е. we havе тo = _1 foг all с..

Еoг еaсh o сons idеr somе i  -  1, .  . ,тo.  Denotе Ьy Q[с,ro] the spaсе of  funсt ions f  сV" ф% suсh

that all paгtial dегivativеs of / of oгdегs ( f equals zегo on Еo.

Wе obtain a fi ltгation

o С  Qw_ | , т , - t ]  С  Qw-  | , т , - t_  1 ]  С  ̂ .  .  | tp_  1 '0 ]  С
С 'a|p  _  2 , ' т , - . z7С . . .  с  Q|э  -  z , |1 .С  Q|p_-2 '0]  С  .  . .- l . .  

с  q io , тoJ  с  . . .Q[0 ,  1 ]  С  Q[0 ,0]  с  % ф y '

Remark . Еor laгgе s this fl]tгation is trivial, nеvеrlеss foг small s it is quitе long.

Consideг гepгesеntation. of Lr(p, q) in suЬquotiеnts of this fi ltгation. oЬviously ,4,

еquivalеnt to thе diтесt sum of thе suЬquotiеnts.

Remаrk.  ть". .p." , .ntat ions of  tJ(p,q) in thе subqrrot ients have s implе intегpгеtat ions.  Еor instanсе

V,EV, lQ|0,0] i .  u sub,puсе in thе ,pu."  ofТ, ,n. t ions on thе orЬi t  Eo .  The spaсе Q [0,  |] lQ|0 '  0]  a suЬspaсе

in spaсе of  seсt ions of  no.mul  Ьundlе to thе oгЬi t  З0 .  Thе spaсе Q[0,  Цla|0,2] is  a srrbsрaсе in spaсе oГ

sесt ions of  symmеtг iс  squarе of  normal  Ьundlе еtс. ,  sее d isсuss ion in [No] ,S 7.

l t  i s  natuгa l  to hopе that speсtгum in еaсh suЬquot iеnt is  more oг lеss ' 'un iГor ln ' ' '  i .e .  оrЬ i t  s tгuсtuге

givе sеpaгation of quitе сompliсated speсtгum oг А" to thе difГегent typеs (сomрaiге wit}r [GG]-pro;есt )

2.5. Large s. If s is iargе enough thеn the геstгiсtion opeгatoгs don't ехist. In this сasе tht:

rеprеsеntation А, is еquivalсnt ti standaт-t repгеsеntatior.r o{ t\е group t/(p. q) in l2 on гiеmann symmеtгiс

spaсе [/(p,  q) lV@) Ju ln l l  ' . .  [Bеr2],[Rсpj ' [Gut] ,[oo] Suff iсrerr t  (not nessеssary) сondi t ion for  th is  is

" '> 
p + q _. i i i . . . ' т ,  i '  ut . i . -еnt .of  Hai is l r -Chandгa d isсrеtе sег i  еs) .

2.6.  L i rn i t  as s  + oс '  Conсidег thс systеm of vесtoгs , l  
"  

с  H, .  Lеt  1 Ье a d istr iЬut ion in -B, ,o l r , i t l t

a сompaсt support. Considег thе veсtoг o(x) с .Е, definеd Ьу thе equality

o ( х )  =  /  а . t _ , ( 1 ' - z z - ) у ( z ) V " d z d z
J  B o  n

Сonsider a sсa lar  pгoduсt {. ' .} ,  i . '  the spasе of  d istг iЬut ions otr  Bo,o with сompaсt suppoгt  g iver i  Ьy thе

foгmula

( 4 )

- f ,ф7 l i s

\ 1 ( z ) y 2 ( u ) d : d : a u a u

Wе сan identify thе spaсе -Ёl" with thе сompiеtion of thе spaсe of distriЬшtions rvith геspесt to sсаlaг

produt {. , .} , .  Th" g." 'p y( , ,  q)  aсts in th is  spaсе of  d istr ibut ions bу thе foгmula

B, ( s ) I ( , )  =  /1z t з l ;

( t l r с  Гогп l r r l i l ,  doсs t i , t  dереr rd  oГ  s ,  nеvег lеss  thс  sса laт  рroduсt  and sресtгa  oГ  ге1 l гсsеI r ta t ion  dcpеnd o f  s

{х t ,  хz \  '

essentiallY)
Denotе Ьу с.(s) thе integгal

d е t " ( 1  _  z z - )

.Гhеn foг all сontinuous funсtions on Bo,o with сompaсt support

r
с.(s)  = /

l п
"  

u p , 9
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It is natural to think that thе limit of kеrn-геpгсsentations as s + *оо is the сanoniсal геpгеsеnt,ation oГ
Lr(p,q) in t}rе spaсе i2 on r iеmann sуmmеtr iс  Spaсe U(p 'q) l (U(p) х U(q))

2.7.  Rеstr iс t ion to thе сompaсt orЬi t .  Thе paгt  of  spесtгum whiсh сoггesроnds to thе сoпlpaсt
огЬit Е6 is puгely disсrеtе and it сonsists of quite ехotiс геprеsentations of U(p,q) and this is геlativеlу
simplе way foг сonstгuсting singulaг unitaгy representations of U(p' q), sеe [No] .

2.8. Spheriсal kern-геpresentаtions of othег сlassiсal groups. Ail сlassiсal гiеmann nonсom-
paсt symmеtгiс spaсеs G l Ii (щ to сеntгum of G) сan Ье геalizеd as matriх Ьalls (sеe [Nеr3]). Namеly the
space Gf Ii is the spaсе of matriсеs z ovег thе field К = ]R,C,ШI (sеe Ьelow) satisfying thе additional
сondi t ion (seе Ьеlow) suсh that l l , l l  < t .

Now we are enumеrate symmetгiс sPaсes G/1i, fields and additional сonditions.
|- . U (p, q) l (u (p) х U (q)) is thе spaсе of p х q matгiсеs ovег C
2* .  Sp(2n,R )/U(n) is  thе spaсе of  symmetr iс  n x n-matr iсеs ovег C .
3*. SО"(2n)lU(n) is thс spaсе of skew symmеtгiс n x n- matгiсes ovег C .
4*.  О(p,фlQФ) x o(q))  is  the spaсe of  p х q-matг iсes ovеr R.
5- .  GL(n,к )/o(n) is  thе spaсе of  symmеtг iс  n х n-maIr iсеs over IR .

6- .  О(n,a,) lО(n) is  thе spaсe of  skеrv-symmеtг iс  n х n-matг iсеs ovег ]R ' , .

7*,  GL(n,a) lL l (n) is  thе spaсe of  heгmit ian n x n-matг iсеs oveг C .

8" . Sp(p, q) l6pФ) x sp(q)) is thе spaсе of p x q-matгiсes over ]l i .

9- .  GL(n,r) lSp(p,q) is  thе spaсe of  hеrmit ian n x n-matг iсеs ovег Ш
I 0 - .  S p ( 2 n , С ) / S p ( n )  i s t h е s p a с е o f  s k e w  h e r m i t i a n  ( i . e .  z = - z * ) n x
In all сasеs enumeгatеd aЬove thе gгoup G aсts on the matгiх Ьalr\ G l Ii

mations
7 у.  7to1:= (o * zс)-I(b + zd)

Norv lеt us сonsidеr positivе dеfinitе kегnеis on G l K having a foгm

L , ( z ,  u )  =  |  d е t (  |  _  z u '  ) | _ 2 '

(сonditions foг positivе-dеfinitеnеss aгe diffеrеnt foг differеnt spaсes) Considег thе hilbегt sрaсe dеfinеd

Ь.l ' thе positivе dеfinеd kегnеl r1,(z, u). Wе idеntifу this spaсе with somе spaсe of геal-analytiс funсtions

on GlIi Ьy thе samе way a^s in 2.1 . Thе gгouр G aсts in 11, Ьy thе unitary opеratoгs

А,(s) f  Q) = 7| , t l J )|dеt(o + ' , ) | - , '  .

\\Iе say ,4, is a spheтiсo,l kern-тсpresеntоlion of G.
2.9. Nonspheriсаl keгn-rеpresеntations. Fiх a matгiх Ьait\ G l I{ and a finitе dimеnsional еuсlid-
spaсе }' Г)еnotе by G.(}) thе gгoup of invегtiЬlе l inеaг opетatoтs in У. \Yе say tlrat a funсtion

L :G l I i  х c l I i  *GL (у )

\s a mаtr i r -aа lued pos i t iuе dеf in i tе kеrnеl  i f  thе funсt ion

i ( ( , , с ) ; ( u ,  r 7 ) )  :=<  1{ ( z ,  u ) ( ,  ц  >  ; ( z , € ) '  ( , ,  т )  с .  G l I i  х  У

n_matriсеs ovеr ]Hi .
Ьy fгaсtional.l inеaг transfor_

(5 )

kеrnе] on G l Ii. .|hen thеге ехist a hilbеrt spaсe Ё1 and

QlrcxУ.

i s  a pos i t ivе def inеd kегnel  on GlI i  хУ
Lеt wе havе a matгiх-valuеd positivе dеfinеd

a map \t : GlIi x У * }l suсh that
a) Thе map !! is l inеar on eaсh fiЬге z Х y С
Ь )  <  Ф ( : , € ) ,  V ( ' ,  ц )  > H = <  I i ( z , u ) ( , ц  > у
с )  Тh . '  imagс  oГ  rnap  Ч l  i s  dрnсе  i n  f f .
I i o г е a с } r h с H r v с d е f i n е а f u n с t i o n f 7 , : G l I i * } Ь у t h е г u l е < f ь , € ) y = { h , Ф ( z , ( ) > 1 1

Cons idе r  a  s1 ' n r rnе t т i с  spaсеs  hav ing  thс  f o rп r  2* ,3 . , 5 - , 6 - , 7* ,9 - ,10 - .  Сons idе r  a  f i n i t е  d iп rеns i оnа l
i ггеduсiЬ lе rеpгеsеntat ion p o| thс gгоup cL( l t ,К )or of  i ts  urr iveгsa l  сovег ing.  Аssuпlе that thе funсt io l r

L ( z , u ) = p ( l - z u - )

is a matгiх valuеd positivе dеfinitе keгnel. Тhеn wе сonsidег thе assoсiated hilbегt spaсe ffo of геal-

analytiс Гunсtions G l Ii - У and thе unitaгy keгn-гepresentation of G in 11, given Ьy thе Гoгmula

(6)To(s)f Q) = p(a + zc)f (ztsl)

391



Bестник ТГУ. т.2' вьtп.4, l997

Considег the сasеs 1*,4*,9*.  Cons ideг a f in i tе.d iтnеns ional  i ггеduсiЬ le геpгеsеntat ion p = p\ ф pz of  thе

gгoup Gtr(p,K ) ,  GL(q,K )oг of  i ts  univегsa l  с<- lvег ing.  Assumе that thе funсt ion

L  , ( z  ,  u )  : :  p t ( I  _  zu*  )  ф  pz ( \  -  u .  z )

is a positive dеfined matгiх-valuеd keгnel on G l Ii . Then thе gгoup G aсts in thе assoсiated spaсe of

гeal-analytiс funсtions on G l Ii Ьy the foгmula

Tok)f Q) = (иФ + zc) 8 p2(d _ 
",tl l1) 

1(ztd)

Remark. our aгguments fгom suЬseсtions 2.5 aгe valid foг gеnегal keгn-rеpгesеntations.

2.].0. Another dеsсription of kern-repгesentations (see [oo]). For G _ Sp(2n,R ), t/(p,q),

SО- (2n) a kеrn геpгesentation is a tеnsoг produсt of iггeduсible highеst weight rеpгеsentation of G and

iггeduсiЬlе lowest weight rеpresentation of G.

In othег сasеs a keгn геpгesentation of G is a геstгiсtion of a highеst weight гepгesentation of the

gгoup G* to thе symmetгiс subgгoup G:

4t . G = О(p, q) G- = LI (p, q) 5*. G = Gl(n, R
6* .  G=О{n ,С )  G*=SО* (2n )  7 *  G=GL (n , С
8*  G=Sp (p , s )  Q .=U (2p , 2q )  9 *  G=CL (n , n i l
10* G = Sp(2n,C )  G* =,Sp(4n, lR  )

G* = Sp(2n,R )
G*  =  U (n , n )
G- = SО- (2n)

Remаrk. Thе сasеs 1* _ 3* сan bе dеsсгiЬеd bу thе samе way Wе have G' = G x G and the

emЬedding G * G* is givеn Ьy thе foгmula g ё (g,9') whеге d is thе outеr automoгptrism of G.

Rernark. Theгe aгe soпlе additional possiЬil it ies геlatеd to highеst weight геpгesentatior^s of О(p,2)

and two eхeptional groups (seе [oo]).
2.11. Aсtion of olshanskii semigroup. (see [ols1]) Гor еaсh matriх ЬalJ GlIi сonsidег thе sеt

/ .  A \
o f  m a t г i с е s  o = t i ,  ) s u с h t h a t t h е m a p p i n g ( 6 )  

m a p s t h e m a t т i x Ь a l l  t o i t s е l f .  o Ь v i o u s l y Г i s a
\ /

semigгoup and the gгoup G is thе gгoup of.inveгtiЬiе еlеments of Г. Thе foгmula (6) dеfinеs геpгesentation

of .eйigгo,'p Г. This rеpresentation is irrеduсiblе and all iгrеduсiЬle гepгesentations of Г сan Ьe oЬtanеd

Ьy th is  way(see[o ls1]) .  Sее [o ls1],  [Nеr3] ' [Nег4] 'appendiхA, for  the expl iс i t  desvг ipt ion of  sеmigгoups Г.

Moreoveг keгn-rеpгеsеntations ехtеnds to repгеsеntations of some сatеgories(seе[Ne;3] ,[Nег4] 'appendiх

А ) .
I don't know any appliсations of thеsе phеnomena to haгmoniс analysis of kегn-геpгеsеntations of

gгoups.
2. 12. вiЬliographiсal сomments.
a )  Le t  T  Ьe  a  h i ghеs t  wе igh t  r еp rеsеn ta t i on  oГG  _  Sp (2n ,R  ) , . 9o - (2n )  ,U (p ,q ) , . . .  and  S  be  a  l owes t

*eigf,t геprеsеntation of G. Assumе that T, S Ье еlеmеnts of }Iarish-Chandra disсrеtе sеriеs. Thеn ТфS is

еquivalеnt to a геpгеsentation of G induсed fгom iггеduсiЬlе гepгesеntation of /i (sеe [Beг2],[Rеp],[Gut])
Ь) Rеstгiсtioг of a spheriсai highеst wеrght rеpгеsentation of G* to thе symmеtгiс subgroup G (i.е

sphеriсal kегn-rеpresеntation, sее notations of 2.10 ) is equivalent to сanoniсal гepгеsentation of G in

r.2(G l l;),sее [oo].
с) Disсгеtе spесtгa assoсiatеd to the сompaсt oгЬit in Shilov Ьoundaгy werе invеstigatеd in [No]

foг t ,hе сasе G = О(p,q).  Analogiсa l  гesul ts  arе va l id for  G = U(p,q),Sp(p,q)([o ls2] ' [ l io] ,7 ' i2 .) .  onе

method oГsеparat ion of  d isсгеtе spесtгum is  d isсussеd in [Neг1] ,  [No] '7.1-7.8.  I  th ink that the геstт iсt ion

opeгatoг to thе сompaсt огb i t  doеsn' t  ех ist  foг G # U(p,q),  Sp(p,q),О(p,q).

d) The speсtгum foг sphег iсa l  kегn_rеpгesentat ion of  U(2,2) was obta inеd tn |oZ2].  Еoг 1 <

s < 3l2 the speсtrum сonsist of two diffегеnt pieсеs. onе of pieсеs сoinсidеs rvith the spесtrum of

L2UJ(2,2) lvQ) x и(z)) .  Anotheг p ieсe is  a integгa l  of  notr iv ia l rеpгеsentat ions.  I t  is  natuгa l  to th ink

( i t . i s .not ,p.o"Ьа; tha i  th is  p iесе o[ spесtгum is  assoс iatеd to nonсonrpact  U(2,2)-oгЬi t  in t}rе Shi lov

Ьoundary of  B2,2 х IJ .z ,z ,
IГ it is so it is thе uniquе known сasе rvhетi spесtrum assoсiatсd to nonсompaсt orЬit is oЬservеd. It is

natura l  to th ink that suсh spесtгa ех ist  in var ious spесtтa l  ргoЬlems(not onlу foг keгn.гeprеsеntat ions).

е)Spесtrum oГ sphсг iсa l  kеrn.геpгеsentat ions of  U(p,1) is  oЬta inеd in [Di j ] .
fj i luu.h".еl forпrula for tеnsoг pгоduсt of highest wеight and lowest weight геpгеsеntations of

s ,(2,R ) ,  seе [Мol4] .  I  don' t  knolv analogiсa l  геsul ts  foг othег keгn-гepгеsentat ions.

g) Nonsphеriсal kегn-геpгesеntations havе disсгеtе spесtгum whiсh is not assoсiatеd to сompaсt oгЬit.

Some possiЬil it ies to oЬseгvе it are сontainеd in thе following two seсtions. A way to oЬsегvе Haгish.

Chand-ra disсгеtе seгies inсгеmеnts using tгaсe thеoгems is proposed in [Nег2] .
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\
h) Lеt p Ье thе samе as in 2.10. Let p,(7) - dеt-'(t)p\). Thеn limit of 7o" as s t oo is thе

repгesеntation ofG induсed fгom finite dimensional гepгesentation of /{ (i.е the геpгеsеntatioц in seсtions
of veсtoг Ьundle on G l I{). Thе thеoгy of suсh гepгеsentations is moгe oг less еquivalеnt to Haгish-Chandгa
thеoгy of  L2(G).

Dual pairs

3.1. Speсtгum of dual pairs' Consideг thе haгmoniс гeprеsentation W2у (= Weil гepгesеntation =
Sеgal-Shalе.Wеil гepгеsentation = Fгiеdгiсhs-Sеgai-Bегezin.Shalе-Wеil геpгеsentation = osсilatoг repге-
sentation ) of the gгoup Sp(2n,iR' ) (seе [KV]'[Nеra]) for disсussion of this геpгesеntation).

Consideг thе following subgгoups in the simplесtiс group it (nonсompaсt Howe dual pairs):

SeQk(p+ q),  R )  э Sp(2k,IR '  )  x o(p,  q)
SeQ$ + / ) (p  +. i ) ,  R  )  Э  U (k , l )  x  U(p ,  q)
Sp(k(p + q),R ) Э SО'(2k) х Sp(p,q)

Let us rеstгiсt Wzм to these subgгoups and thеn lеt us геstгiсt to

o (p' q), S p(2k, R ), y(&' l) ,  U (p, q), S О* (2k), S p(p, q)

It was pгoved in [Ada]'[Li] that the spесtгa of thеse геstгiсttons havе disсгеte inсгеments. This сonstгuс.
t ion is one of standaгd way to oЬtain s ingulaг unitaгy гepresentat ions of gгoups U(p,q),О(p,q),Sp(p,q).

Proposit ion3.|. (see [NО]) Each representat ion of G = О(p,q),Sp(2k,R' ),  и(A, l) ,U(p,q),SО'(2k),
Sp(p'q) шhich occurs in spectro, of daаl pаir discretlу (resp.шeаklу) oссurs in speclrа of soтne kern-
repres entalion disсretlу (resp. ш eo,klу ).

This pгoposition is moгe oг less obvious. Conсidег foг instanсe thе сasе Sp(2k,R' ) x o(p'q). Thе
гestгiсtion of W2рh1q1 to the suЬgгoup

Sp(2k ,R )  с  Sp(2} ' IR '  )  х  o(p ,  ф с  Se(2k(p+ q) ,R  )

is еquivaiеnt to thе rеprеsentation
wP{ в (Wi)фo ( i )

Еiгst tensoг faсtoг is a dirесt sum of highеst wеight геpгesentations and sесond tеnsoг faсtoг is a diгесt
sum of lowеst weight геpгesentations Hеnсе (6) is a diгeсt sum of keгn-rеpгеsentations.

Сonsideг the following suЬgгoups iп Sp(2h(p + c), R ):

SeQk(p * q), R' ) э О(p'q) х Sp(2,t' IR' )
l l  nu

Sp (2k (p*q ) ' R )  )  U (p ' q )  x  и (Ё )

The rеstгiсtion of W,r(,+ф to U(p,q) is a diгeсt sum of highest weight
гestгiсtion of W2р61q1 to О(p, q) is a direсt sum of kегn-гepresentations.

o(p ,  q)
П

u(p, s)

геpгesentations and hеnсe thе

3.2. Restгiсtion to orЬits. We геalize the gгoup Sp(2N,R ) * the group of (l/ * N) х (N + N)-

matгiсеs with сompleх сoеflEсiеnts having the form , = ( $ * ) 
..o satisfying thе сondition

)  
, ' =  (

Denotе Ьy Cr', thе spaсе of сomplех symmetгiс N х N_matгiсes z Thе gгoup Sp(2n,IR' ) aсts on Cд
Ьy the fraсtional l inеaг tгansfoгmations and we havе Cд = Sp(2N,R' )/и(N). Consider a repгoduсing
keгnel

I i  ( 2 ,  u )  =  4 "1 -11211  -  zu ' )

on Cд'.. Dеnote Ьy ff
opегatoгs

thе assoсiatеd hilbегt spaсе.' The gгoup Sp(2I''|,R ) aсts irr 11 Ьy the unitaгy

W{*(g) = 11ztяJ)det-1/2(Ф + zv)

1  0 \
0 r /

( t  o
, , \ о  1

The гepгesentat\on W{n is onе of two iггeduсiЬle сomponents of the геpгesentation Wzr't
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Again wе havе question about геstгiсtions of holomoгphiс funсtions to o(p,q) x Sp(2k'R' )-orЬits

in thJ Shilov Ьoundaгy of Cш. It seems that a orЬit stгuсturе of Shilov Ьoundaгy in this сase is vегy

сompliсatеd. In any сase thеre exists a oгbit

F = Sp(2k,ш'  )/U(n) х О(p 'q) lQ

where Q is staЬil izeг of maхimal isotгopiс suЬspaсe in psеudoеuсlidean spaсe iR' P+s I сan show, that

opeг.toг of rеstгiсtion to oгЬit Я ехists and this oЬsегvation give a way to oЬseгvе a paгt of disсгеtе

sp.сt.u, foг dual paiг. It is intегesting to сalсulate this paгt of speсtгum.

Anotheг quеstion whiсh sеems interеsting to mе: is it possiЬlе to oЬtain by suсh way some handЬlе

гealizations of some IIarish-Chandгa disсгеte sеries гepгesentations?

4 Spaсe L2 on Stiefеl manifolds

4 . L .
G  lQ '

Stiefеl manifolds. We namе Ьу Stiefel тnaпit'old's thе following 10 typеs of homogenеous sрaсes

t o .  О (p ,ф lО (p  _  t ,  q  _  s )  2o .  U (p ,ф lU (p  -  l ,  q  _  s )  .
3o .  Sp(p ,ф lSp(p  _ t ,q  _  s )  4o .  Sp(2n,R '  ) /sp(2(n  _ , ) 'R  )
5o.  Sp( i " , с11se l z1"  _  ' ) ' с  )  6o .  О(n ,C , ) lo ( "  -  ' , с  )
7o. SО' (2n)l  SО-(2(n _ t))

8o _ 10o. The spaсes of all l inеaг emЬеddings

IR, ' - t  _,  IR. '  с  n-t  + с п IHI . - .  -  IHI .

In t l rе last  3 сases thе gгoup G is  GL(n,R '  ) ,Gl(n,  C.) ,GL(n, iHI)  геspeсt ive ly and Q is  the gгoup of

matгiсes having the foгm
I t .  * \
td.)

Remark The Stiefеl manifold Sp(2n,R' )/se(2(n - '),R ) is thе spaсe of isometгiс emЪeddings of

th" ,;;Rъ... ',,йo.а with a nondеgеnеrat. 'кй..y*m"tгiс Ьil ineaг foгm to the spaсe IR' 2" equipped

with nondeg"n..ut"d skew symmetriсЪil inеaг foгm. otheг Stiеfеl manifolds 1o _ 7o have the analogiсal

dеsсг ipt ion.
4 . 2 . A d d i t i o n а l s y m m е t r i e s . C o n s i d е г t h е с a s e G l Q = S p ( 2 n , R ' ) / s p ( 2 ( n _ 1 l l R ) _ T t е n

thе gгoup Sp(2t,R ) aсts by the oЬvious way on the spaсе of symplесtiс_isomеtгiс еmЬeddings R,. *

R zts i . , . "  i i , . t ,  on th" ,pu."  IR.2 ' ;  .  н"n. .  thе mani fo ld Sp(2n,R )/sp(2(n - ,) ,R )  is  a Sp(2t ,R '  )  х

S p(2n, R' )-homogеnеous spaсe:

S p ( 2 n , R ' ) / s p ( 2 ( n - t ) , R ) = ( S p ( 2 t , R ' ) x S p ( 2 n ' R ' ) ) / ( s p ( 2 t ' R . ) х S p ( 2 ( n _ ' ) ' R ) )

Analogiсal additional gгoup of symmеtгies ехists in all сasеs lo _ 10o. Thesе additional symmеtгiеs aгe

usеfulЪinсе the spaсеs L,(GlQ) have G-spесtгum of inflnitе multipliсity.

4.3. Speсtra of L2 o', 3ti"ful manifolds. A fеw is known aЬout speсtral dесomposition of

L, (G lq. i i"u..l... it is known that this pгoЬiem is inteгеsting. Seе [Sсh] and [Kob] foг Еlеnsted-Jensеn

tyj" .o"'t."сtions of disсгеte spесtгa in 12 on

О(p, q) l О(p _ r, q) U (p, ф l U (p - r, q) Sp(p, ф l Sp(p _ r, q)

Еoг the сasе r = 1 thе Planсегеl foгmulais oЬtainеd iп [oZ1]. Some сonsгtruсtions for disсгеtе inсгemеnts

to speсtгa of

r , ( l (p ,q ) lUФ- t ,Ч_ t )  хU(p)  x  U(q ) ) )  С  L2 (UФ,ф l (u (p )  x  U(q ) ) )

aгe сontainеd in [RSW].
Thе сases GlQ wьБre G = GL(n, iR ) ,  G.L(n,  C),GL(n,nn )  aгe veгy s imple.

Proposition 4.].. Each represento'tion o1 G 'h.rch is contained in spectro, L,(GlQ) discretlу(тesp.

шeаklу) is conlaineil in spеcrtrum of soтne kern-represenlalion of G discretlу (resp. шeаklф.

394
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\
Pтoof. Wе usе aгgumеnts fгom [How] ,[No]. Conсidег foг instanсе the сase G

гepresеntatlon

Wz" ф Wi,

= Sp(2n, R ). Thе

of Sp(2n,lR' ) is equivalent to гepгesentation of Sp(2n,R' ) in l,2(R 2"1' н"nсe the гepгesеntation

(Wz, ф W;^)ф,o - Wi*n,o a (W;^)Ф,o

is equivalent to гepгesentation of Sp(2n,R' ) in .L2 on the space Маt21,,2' of all 2A x 2n.matriсes. A
gеneг i с  o rb i t  o f  sp (2 \ ,R . ) i n  Мo t2д ,2 '  i s  aS t i е f е i  man i f o l d  Sp (2n ,R ) l Sep fu -  A ) 'R ) .

Remark. F.or othег gгoups G Pгoposition 6.1 сan be pгoved Ьy the.same u.gu-".'t.. Thе basiс
oЬsегvation is

wr^1""6 ,R)  -  a r (R " )

(see гeal model of haгmoniс геpгesentation in [кV]).
4.3. Some psеudoгieшann symmetriс spaсes. By the oЬvious way we have

L,^\ot , ,фlQ@) х О(p _ r ,q)))  с  L ,  (О(p,фlО(p _ r ,  q))
L ' \U(p,q)/(U(,)  х  U(p _ r ,q)))  с  L ,(u(p,фlU(p _ г ,  q))

L,(Sp(p,фl$po) x Sp(p _ ,, q))) с L,(bp(p,o1tsi ip _,:;))

and speсtгa of these spaсеs aге сontained in spесtra of Stifel manifolds. I don't know suсh emЬeddings
oГ speсtгa foг othег psеudoriеmannian symmetгiс spaсes.
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